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In two recent papers, we used the hadro-quarkonium model to study the properties of hidden-
charm and bottom tetraquarks and pentaquarks. Here, we extend the previous results and calculate
the masses of heavy-quarkonium-kaon/hyperon systems. We also compute the spectrum of hidden-
charm and bottom tetraquarks with strangeness in the compact tetraquark (diquark-antidiquark)
model. If heavy-light exotic systems with non-null strangeness content were to be observed experi-
mentally, it might be possible to distinguish among the large variety of available theoretical pictures
for tetra- and pentaquark states and, possibly, rule out those which are not compatible with the
data.
I. INTRODUCTION
Multiquark states are baryons/mesons which cannot
be described in terms of qqq/qq¯ degrees of freedom
only. They include XY Z suspected tetraquarks, like the
X(3872) [now χc1(3872)] [1–3] and X(4274) [also known
as χc1(4274)] [4, 5], and pentaquark states. The latter
were recently discovered by LHCb in Λb → J/ψΛ
∗ and
Λb → P
+
c K
− → (J/ψp)K− decays [6, 7]. The structure
of XY Z tetraquarks and Pc pentaquarks is still unclear.
This is why there are several alternative models to ex-
plain their properties. For a review, see Refs. [8–11].
To distinguish among the different pictures (molecular
model, diquark model, unquenched quark model, ...) one
should compare their theoretical predictions for the spec-
trum, decay amplitudes, production cross-sections, and
so on, with the experimental data.
A clean way to discriminate among the previous the-
oretical interpretations for suspected XY Z tetraquarks
was suggested in Ref. [12]. There, Voloshin pointed out
that if Zc resonances exist then, because of the SU(3)f
symmetry, one may also expect the emergence of their
strange partners, Zcs [12]. The author also argued that
the one-pion-exchange interaction of the meson-meson
molecular model is impossible between strange and non-
strange heavy mesons, like B and Bs [12]. Hidden-charm
and bottom mesons with strangeness are also forbidden in
the context of the Unquenched Quark Model (UQM) for-
malism. Indeed, one cannot dress heavy quarkonium QQ¯
states with Qs¯−nQ¯ or Qn¯−sQ¯ higher Fock components
(where n = u or d) by creating a light nn¯ or ss¯ pair with
vacuum quantum numbers. Therefore, hidden-charm
and bottom tetraquark states with non-null strangeness
content cannot take place neither in the UQM [13–23]
nor in the molecular model [24–29] interpretations. On
∗jacopo.j.ferretti@jyu.fi
†santopinto@ge.infn.it
FIG. 1: Schematic representation of heavy-light hadro-
quarkonium (right) and compact tetraquark (left) states.
the contrary, these exotic configurations are expected (if
above threshold) both in the compact tetraquark [30–44]
and hadro-quarkonium [12, 45–55] models. See Fig. 1. In
light of this, the experimental observation of XY Z states
with non-null strangeness content would make it possible
to rule out a few possible theoretical interpretations for
tetraquarks. Voloshin did not compute the spectrum of
Zcs states, but only discussed phenomenological indica-
tions for the emergence of those states [12]. The study of
their spectrum and that of their pentaquark counterparts
is thus the subject of the present manuscript.
Here, we extend the hadro-quarkonium model find-
ings of Refs. [53, 54] and calculate the spectrum of
hidden-charm and bottom tetraquarks and pentaquarks
with strangeness. The hadro-quarkonium picture was
developed to explain the experimental observation of
heavy-light tetraquark candidates characterized by pe-
culiar properties [46, 56]. Firstly, these exotics are sup-
posed not to be particularly close to a specific heavy-light
meson-meson threshold, unlike D0D¯∗0 in the X(3872)
case. Secondly, such states may decay into heavy quarko-
nia plus one or more light mesons, like ηc + η. Even
though it was meant for the description of tetraquarks,
the hadro-quarkonium model can be easily extended to
the baryon sector to study pentaquarks [50, 54].
We also compute the masses of heavy-light tetraquarks
with non-null strangeness content in the compact
2tetraquark model of Refs. [40, 42, 44]. In the com-
pact tetraquark model, heavy-light qQq¯Q¯ states are mod-
eled as the bound states of a diquark, qQ, antidiquark,
q¯Q¯, pair. The diquark constituents are treated as in-
ert against internal spatial excitations. Their binding is
the consequence of one-gluon-exchange forces and their
relative dynamics can be described in terms of a rela-
tive coordinate rrel. The calculation of the spectrum of
compact pentaquark configurations in the diquark model
is more difficult than that of compact tetraquarks be-
cause one has to deal with a three-body problem in-
stead of a two-body one; moreover, one also has to con-
sider both diquark-diquark and diquark-antiquark inter-
actions. This is why here we do not provide results
for compact (diquark-diquark-antiquark) pentaquarks,
which will be the subject of a subsequent paper.
Our predictions for strange hidden-charm and bottom
tetraquarks and, especially, those for Pc and Pb pen-
taquarks with non-null strangeness content may soon be
tested by LHCb.
II. HADRO-QUARKONIUM MODEL
The possible existence of binding mechanisms of char-
monium states in light-quark matter was discussed long
ago [57–59] in terms of the interaction of charmonium
inside nuclei. The idea of hadro-charmonium (hadro-
quarkonium) bound states resembles the previous one.
Hadro-quarkonia are heavy-light tetra- or pentaquark
configurations, where a compact QQ¯ state (with Q = c
or b), labelled as ψ in the following, is embedded in
light hadronic matter, H = qqq or qq¯ (where q = u, d
or s) [12, 45–55]. The heavy and light constituents, ψ
and H, develop an attractive force, which is the result
of multiple-gluon exchange between them. Such inter-
action, Heff , can be written in terms of the multipole
expansion in QCD [60]. In particular, if one considers
as leading term the E1 interaction with chromo-electric
fields E and E′ [46, 58], one gets the effective Hamilto-
nian
Heff = −
1
2
αψψ′E · E
′ , (1)
where αψψ′ is the so-called heavy quarkonium chromo-
electric polarizability. By making use of additional ap-
proximations, Heff can be further reduced to a simple
square-well potential [46, 53, 54],
Vhq(r) =
{
−
2παψψMH
3R3
H
for r < RH
0 for r > RH
, (2)
where RH = RB or RM is the light baryon/meson radius.
Eq. (2) can be plugged into a Schro¨dinger equation and
solved for light hadron-heavy quarkonium systems.
There are four quantities to be given as input in the
calculation. They are the massesMψ andMH, the radius
RH, and the diagonal chromo-electric polarizability, αψψ.
H
MGE
h
1 2
FIG. 2: Hidden-flavor transition ψ1 → ψ2 + h in the QCD
multipole expansion. Here, ψ1 and ψ2 are the initial and final
charmonium states, h light hadron(s). The two vertices are
those of the multipole gluon emission, MGE, and hadroniza-
tion, H . Picture from Ref. [53]; Elsevier Copyright.
Parameter Value Parameter Value
αψψ(1P )cc¯ 11 GeV
−3 αψψ(2S)cc¯ 18 GeV
−3
α
(1)
ψψ(1P )bb¯ 14 GeV
−3 α
(1)
ψψ(2S)bb¯ 23 GeV
−3
α
(2)
ψψ(1P )bb¯ 21 GeV
−3 α
(2)
ψψ(2S)bb¯ 33 GeV
−3
RΣ 0.863 fm RΞ 0.841 fm
RK 0.560 fm RK∗ 0.729 fm
TABLE I: Hadro-quarkonium model. Input values and pa-
rameters.
See Table I. The values ofMψ andMH are extracted from
the PDG [61].
In principle, non-diagonal quarkonium chromo-electric
polarizabilities, αψψ′ , can be fitted to the data by consid-
ering ψ → ψ′ + h hadronic transitions [56, 62]; see Fig.
2. However, no experimental information can be used
to estimate the αψψ ’s. Therefore, the diagonal chromo-
electric polarizabilities, αψψ(nℓ), where n and ℓ are the
radial quantum number and orbital angular momentum
of ψ, respectively, have to be extracted from the phe-
nomenology. In the case of charmonia, we consider [54]:
αψψ(1P )cc¯ = 11 GeV
−3 and αψψ(2S)cc¯ = 18 GeV
−3. In
the case of bottomonia, we make use of two sets of values
for the chromo-electric polarizabilities. They are [54]:
α
(1)
ψψ(1P )bb¯ = 14 GeV
−3 and α
(1)
ψψ(2S)bb¯ = 23 GeV
−3;
α
(2)
ψψ(1P )bb¯ = 21 GeV
−3 and α
(2)
ψψ(2S)bb¯ = 33 GeV
−3.
We also need the strange mesons’ and hyperons’ radii.
While for the kaon we can use the well-established value
of the K± charge radius reported on the PDG [61],
RK = 0.560 ± 0.031 fm, in the Σ, Ξ and K
∗ cases the
situation is different1. Indeed, due to the lack of well-
1 The values of the proton and kaon radii reported by the PDG
3established experimental data, we are forced to extract
RΣ, RΞ and RK∗ from phenomenological estimates. For
example, see Refs. [63–67]. Following Ref. [66], we have:
RΣ =
1
2 (RΣ+ +RΣ−) = 0.863 fm; RΞ = 0.841 fm. The
K∗(892)’s radius is calculated in the relativized quark
model for mesons of Ref. [63]: RK∗ = 0.729 fm.
Finally, the hadro-quarkonium quantum numbers are
obtained by combining those of the hadrons ψ and H,
|Φhq〉 =
∣∣(Lψ, Sψ)Jψ; (LH, SH)JH; (Jhq, ℓhq)JPtot〉 . (3)
Here, Jhq = Jψ + JH, the hadro-quarkonium parity is
P = (−1)ℓhq PψPH, and ℓhq is the relative angular mo-
mentum between ψ and H. From now on, unless explic-
itly indicated, we assume that ℓhq = 0.
III. SPECTRA OF STRANGE HIDDEN-CHARM
AND BOTTOM TETRA- AND PENTAQUARKS
IN THE HADRO-QUARKONIUM MODEL
In this section, we discuss our results for the spectrum
of heavy quarkonium-strange hadron bound states.
The binding energies are computed in the hadro-
quarkonium model of Sec. II and Refs. [46, 53, 54] by
solving the two-body eigenvalue problem of Eq. (2) via
a finite differences algorithm [68, Vol. 3, Sec. 16-6]. As
a check, the same results are also obtained by means of a
numerical code based on the Multhopp method; see [69,
Sec. 2.4]. The values of the heavy quarkonium chromo-
electric polarizabilities and light hadron radii used here
are given in Table I.
A. Hidden-charm and hidden-bottom pentaquarks
with strangeness in the hadro-quarkonium model
The first step of our investigation is the study of heavy
quarkonium-hyperon bound states. Our findings are en-
listed in Tables II and III.
It is worth noting that: I) According to our predic-
tions, heavy-quarkonium-hyperon states may be deeply
bound; II) In some cases, the Vhq potential well is deep
enough to give rise to a heavy-quarkonium-baryon bound
state and its radial excitation; III) Our results show a
strong dependence on the hyperon’s radius, RB. See
Eq. (2). The theoretical predictions for RB’s are highly
model dependent and span a relatively wide range [64–
67]. However, the use of different values of the hyperon’s
radius does not change our first conclusion qualitatively.
[61] can be regarded as reliable, because they are the result of
the average over several measurements. On the contrary, the
value of the Σ− radius from the PDG is the outcome of a single
experiment; moreover, there is no available data for the charge
radius of the Σ+. This is why here we do not extract RΣ from
the PDG.
As an example, we consider the ηc(2S) ⊗ Σ state. If
we extract the value of the Σ radius from Ref. [67],
RΣ =
1
2 (RΣ+ +RΣ−) = 0.91 fm, we get a binding energy
Bηc(2S)⊗Σ = −294 MeV; if we use the experimental value
[61], RΣ = RΣ− = 0.780 fm, we obtain Bηc(2S)⊗Σ = −492
MeV. The previous results can be compared to our pre-
diction from Table II, Bηc(2S)⊗Σ = −355 MeV, calcu-
lated with RΣ =
1
2 (RΣ+ +RΣ−) = 0.863 fm [66]; IV) In
bottomonium-hyperon configurations, the presence of a
heavier (nonrelativistic) bb¯ pair is expected to make the
hadro-bottomonium system more stable than the hadro-
charmonium one due to kinetic energy suppression. This
is why the strange hidden-bottom pentaquarks are more
tightly bound than their hidden-charm counterparts; V)
If we consider the second set of values for the bottomo-
nium chromo-electric polarizabilities of Table I, we get
bottomonium-Σ bound states characterized by very large
binding energies. The hadro-quarkonium picture may
break down in these specific cases. Thus, one may have
to consider the possibility of a mixing between hadro-
quarkonium and compact five-quark components:
H =
(
Hhq Vmixing
Vmixing Hcompact
)
. (4)
Here, Hhq = Vhq + Thq is the hadro-quarkonium Hamil-
tonian, with Thq being the ψH relative kinetic energy
and Vhq the potential of Eq. (2); Hcompact is an effective
Hamiltonian, which describes a compact five-quark sys-
tem; Vmixing is an off-diagonal interaction, which mixes
hadro-quarkonium and compact five-quark components.
B. Hidden-charm and hidden-bottom tetraquarks
with strangeness in the hadro-quarkonium model
As a second step, we study heavy quarkonium-kaon
and K∗ configurations. Our findings are enlisted in Ta-
bles IV and V.
Heavy quarkonium-kaon bound states show similar fea-
tures as the heavy-light pentaquarks of Sec. III A. In par-
ticular, one can notice that: I) The hadro-quarkonium
interaction, Eq. (2), may determine the emergence
of deeply-bound charmonium-kaon tetraquark configu-
rations; II) Even more stable configurations are the
bottomonium-kaon ones; III) In both previous cases, if
one substitutes the kaon with the K∗, one obtains ex-
tremely stable systems. As discussed in Sec. III A, a
more realistic description of ψK∗ systems may be ac-
complished by making use of the Hamiltonian (4), where
one also takes mixing effects between hadro-quarkonium
and compact tetraquark components into account. Com-
pact heavy-light tetraquarks have been extensively stud-
ied. For example, see the potential model calculations of
Refs. [36, 39, 42–44] and Secs. IV and V.
The quality of the approximation of neglecting mixing
effects between the heavy, ψ, and the light, H, hadron
4Composition Quark content αψψ(nℓ) [GeV
−3] JPtot Mass (Binding) [MeV]
χc0(1P )⊗ Σ nnscc¯ 11
1
2
+
4440 (−166)
ηc(2S)⊗ Σ nnscc¯ 18
1
2
−
4474 (−355)
ψ(2S) ⊗Σ nnscc¯ 18 1
2
−
or 3
2
−
4522 (−355)
χc1(1P )⊗ Σ nnscc¯ 11
1
2
+
or 3
2
+
4535 (−166)
hc(1P )⊗ Σ nnscc¯ 11
1
2
+
or 3
2
+
4550 (−167)
χc2(1P )⊗ Σ nnscc¯ 11
3
2
+
or 5
2
+
4580 (−167)
[ηc(2S)⊗ Σ]ℓhq=1 nnscc¯ 18
1
2
+
or 3
2
+
4653 (−175)
[ψ(2S) ⊗Σ]
ℓhq=1
nnscc¯ 18 1
2
+
, 3
2
+
or 5
2
+
4701 (−176)
ηc(2S)⊗ Ξ nsscc¯ 18
1
2
−
4500 (−459); 4955 (−5)
χc0(1P )⊗ Ξ nsscc¯ 11
1
2
+
4510 (−226)
ψ(2S)⊗ Ξ nsscc¯ 18 1
2
−
or 3
2
−
4548 (−460); 5002 (−5)
χc1(1P )⊗ Ξ nsscc¯ 11
1
2
+
or 3
2
+
4605 (−227)
hc(1P )⊗ Ξ nsscc¯ 11
1
2
+
or 3
2
+
4620 (−227)
χc2(1P )⊗ Ξ nsscc¯ 11
3
2
+
or 5
2
+
4650 (−228)
[ηc(2S)⊗ Ξ]ℓhq=1 nsscc¯ 18
1
2
+
or 3
2
+
4685 (−274)
[ψ(2S)⊗ Ξ]
ℓhq=1
nsscc¯ 18 1
2
+
, 3
2
+
or 5
2
+
4733 (−275)
TABLE II: Hadro-quarkonium model predictions for charmonium-Σ and Ξ bound states. The pentaquark binding energies and
masses (5th column) are calculated with the values of the chromo-electric polarizabilities αψψ(nℓ) (3rd column). Here, n = u
or d. The bound states are S-wave configurations (i.e. ℓhq = 0), except where explicitly indicated. In some cases, the Vhq
potential well is deep enough to give rise to a heavy-quarkonium−baryon bound state and its radial excitation. In this instance,
the masses of both the ground-state and excited hadro-quarkonium configurations are reported in the fifth column.
components in the hadro-charmonium states of Table IV
can be evaluated by calculating the wave function over-
lap of the previous components at the hadro-quarkonium
center
Poverlap =
∫ RH
0
d3r Ψψ(r)ΨH(r) . (5)
Here, RH is the light hadron’s radius and Ψψ(r) and
ΨH(r) are the wave functions of the heavy and light
hadro-quarkonium constituents, respectively, extracted
from the relativized QM [63]. If we restrict to the case
of kaon-charmonium bound states, the heavy and light
hadro-quarkonium’s constituents can only be 1P or 2S
charmonia (heavy component) and 1S K or K∗ mesons
(light component); see Table IV.
We consider two different examples, χc0(1P )⊗K and
ηc(2S)⊗K. All the other combinations of heavy and light
mesons are analogous to the previous ones, because we
expect the radial wave functions of all the other χc(1P )
states to be very similar to that of the χc0(1P ), namely
Ψχc0(1P )(r) ≃ Ψhc(1P )(r) ≃ Ψχc1(1P )(r) ≃ Ψχc2(1P )(r);
analogously, we expect that Ψψ(2S)(r) ≃ Ψηc(2S)(r) and
ΨK(r) ≃ ΨK∗(r). By calculating the overlap integral
of Eq. (5), we get Poverlap[χc0(1P ) ⊗ K] = 0 and
Poverlap[ηc(2S)⊗K] = 0.01.
In conclusion, the previous test would indicate that in
χc0(1P )⊗K and ηc(2S)⊗K bound states the approxima-
tions we considered are acceptable ones and that there
should be no substantial mixing among the heavy and
light components.
IV. RELATIVIZED DIQUARK MODEL
We describe tetraquarks as color-antitriplet (3¯c) di-
quark and color-triplet (3c) antidiquark (DD¯) bound
states. We also assume the constituents, D and D¯, to be
inert against internal spatial excitations [70–73]. Con-
sequently, the internal dynamics of the DD¯ system can
be described by means of a single relative coordinate rrel
with conjugate momentum qrel.
The Hamiltonian of the system is given by [40, 42, 44]
HREL = T + V (rrel) , (6a)
T =
√
q2rel +m
2
Da
+
√
q2rel +m
2
D¯b
, (6b)
where the potential
5Composition Quark content αψψ(nℓ) [GeV
−3] JPtot Mass (Binding) [MeV]
ηb(2S)⊗ Σ nnsbb¯ 23
1
2
−
10671 (−519); 11118 (−72)
Υ(2S)⊗ Σ nnsbb¯ 23 1
2
−
or 3
2
−
10695 (−519); 11142 (−72)
χb0(1P )⊗Σ nnsbb¯ 14
1
2
+
10784 (−267)
χb1(1P )⊗Σ nnsbb¯ 14
1
2
+
or 3
2
+
10817 (−267)
hb(1P )⊗Σ nnsbb¯ 14
1
2
+
or 3
2
+
10824 (−267)
χb2(1P )⊗Σ nnsbb¯ 14
3
2
+
or 5
2
+
10836 (−267)
[ηb(2S)⊗ Σ]ℓhq=1 nnsbb¯ 23
1
2
+
or 3
2
+
10840 (−350)
[Υ(2S)⊗ Σ]
ℓhq=1
nnsbb¯ 23 1
2
+
, 3
2
+
or 5
2
+
10864 (−350)
ηb(2S)⊗ Σ nnsbb¯ 33
1
2
−
10383 (−807); 10885 (−305)
Υ(2S)⊗ Σ nnsbb¯ 33 1
2
−
or 3
2
−
10407 (−808); 10909 (−306)
[ηb(2S)⊗ Σ]ℓhq=1 nnsbb¯ 33
1
2
+
or 3
2
+
10564 (−626); 11175 (−15)
[Υ(2S)⊗ Σ]
ℓhq=1
nnsbb¯ 33 1
2
+
, 3
2
+
or 5
2
+
10588 (−626); 11199 (−15)
χb0(1P )⊗Σ nnsbb¯ 21
1
2
+
10588 (−462); 11016 (−34)
χb1(1P )⊗Σ nnsbb¯ 21
1
2
+
or 3
2
+
10622 (−462); 11049 (−34)
hb(1P )⊗Σ nnsbb¯ 21
1
2
+
or 3
2
+
10628 (−462); 11056 (−34)
χb2(1P )⊗Σ nnsbb¯ 21
3
2
+
or 5
2
+
10641 (−462); 11069 (−34)
ηb(2S) ⊗ Ξ nssbb¯ 23
1
2
−
10664 (−657); 11126 (−194)
Υ(2S)⊗ Ξ nssbb¯ 23 1
2
−
or 3
2
−
10688 (−657); 11150 (−195)
χb0(1P )⊗ Ξ nssbb¯ 14
1
2
+
10832 (−349)
[ηb(2S) ⊗ Ξ]ℓhq=1 nssbb¯ 23
1
2
+
or 3
2
+
10833 (−488)
[Υ(2S)⊗ Ξ]ℓhq=1 nssbb¯ 23
1
2
+
, 3
2
+
or 5
2
+
10857 (−488)
χb1(1P )⊗ Ξ nssbb¯ 14
1
2
+
or 3
2
+
10865 (−349)
hb(1P )⊗ Ξ nssbb¯ 14
1
2
+
or 3
2
+
10872 (−349)
χb2(1P )⊗ Ξ nssbb¯ 14
3
2
+
or 5
2
+
10885 (−349)
ηb(2S) ⊗ Ξ nssbb¯ 33
1
2
−
10315 (−1006); 10818 (−502)
Υ(2S)⊗ Ξ nssbb¯ 33 1
2
−
or 3
2
−
10339 (−1006); 10842 (−503)
[ηb(2S) ⊗ Ξ]ℓhq=1 nssbb¯ 33
1
2
+
or 3
2
+
10495 (−826); 11137 (−183)
[Υ(2S)⊗ Ξ]
ℓhq=1
nssbb¯ 33 1
2
+
, 3
2
+
or 5
2
+
10519 (−826); 11161 (−184)
χb0(1P )⊗ Ξ nssbb¯ 21
1
2
+
10593 (−588); 11044 (−138)
χb1(1P )⊗ Ξ nssbb¯ 21
1
2
+
or 3
2
+
10627 (−588); 11077 (−138)
hb(1P )⊗ Ξ nssbb¯ 21
1
2
+
or 3
2
+
10633 (−588); 11083 (−138)
χb2(1P )⊗ Ξ nssbb¯ 21
3
2
+
or 5
2
+
10646 (−588); 11096 (−138)
TABLE III: As Table II, but for bottomonium-Σ and Ξ bound states.
V (rrel) = βrrel +G(rrel) +
2SDa ·SD¯b
3mDamD¯b
∇2G(rrel)−
1
3mDamD¯b
(
3SDa · rˆrel SD¯b · rˆrel − SDa · SD¯b
)
×
(
∂2
∂r2
rel
− 1
rrel
∂
∂rrel
)
G(rrel) + ∆E ,
(7)
is the sum of linear-confinement and one-gluon exchange (OGE) terms [42, 63, 74, 75]. The Coulomb-like part is
[63, 75]
G(rrel) = −
4αs(rrel)
3rrel
= −
∑
k
4αk
3rrel
Erf(τDaD¯bk rrel) , (8)
where Erf is the error function and [63, 75]
τDaD¯b k =
γkσDaD¯b√
σ2
DaD¯b
+ γ2k
; σDaD¯b =
√√√√1
2
σ20
[
1 +
(
4mDamD¯b
(mDa +mD¯b)
2
)4]
+ s2
(
2mDamD¯b
mDa +mD¯b
)2
. (9)
6Composition Quark content αψψ(nℓ) [GeV
−3] JPtot Mass (Binding) [MeV]
χc0(1P )⊗K ns¯cc¯ (sn¯cc¯) 11 0
− 3886 (−22)
ηc(2S)⊗K ns¯cc¯ (sn¯cc¯) 18 0
+ 3948 (−183)
χc1(1P )⊗K ns¯cc¯ (sn¯cc¯) 11 1
− 3981 (−23)
ψ(2S) ⊗K ns¯cc¯ (sn¯cc¯) 18 1+ 3996 (−184)
hc(1P )⊗K ns¯cc¯ (sn¯cc¯) 11 1
− 3996 (−23)
χc2(1P )⊗K ns¯cc¯ (sn¯cc¯) 11 2
− 4027 (−23)
χc0(1P )⊗K
∗ ns¯cc¯ (sn¯cc¯) 11 1− 4155 (−151)
ηc(2S)⊗K
∗ ns¯cc¯ (sn¯cc¯) 18 1+ 4159 (−370)
ψ(2S) ⊗K∗ ns¯cc¯ (sn¯cc¯) 18 0+, 1+, 2+ 4207 (−371)
χc1(1P )⊗K
∗ ns¯cc¯ (sn¯cc¯) 11 0−, 1−, 2− 4250 (−152)
hc(1P )⊗K
∗ ns¯cc¯ (sn¯cc¯) 11 0−, 1−, 2− 4265 (−153)
χc2(1P )⊗K
∗ ns¯cc¯ (sn¯cc¯) 11 1−, 2−, 3− 4295 (−153)
[ηc(2S)⊗K
∗]
ℓhq=1
ns¯cc¯ (sn¯cc¯) 18 0−, 1−, 2− 4436 (−93)
[ψ(2S) ⊗K∗]
ℓhq=1
ns¯cc¯ (sn¯cc¯) 18 0−, 1−, 2−, 3− 4484 (−94)
TABLE IV: As Table II, but for charmonium-K and K∗(892) bound states.
The model parameters are listed in Table VI. The
strength of the linear confining interaction, β, and the
value of the constant, ∆E, in Eq. (7) are taken from
[42, Table I]; the values of the parameters αk and γk
(k = 1, 2, 3), σ0 and s are extracted from Refs. [63, 75].
The masses of the scalar and axial-vector diquarks cn,
cs, bn and bs, are taken from Refs. [42, 44, 76].
Therefore, the results we report below are parameter-
free predictions. The present model was previously used
to calculate the spectrum of hidden-charm [42] and fully-
heavy tetraquarks [40, 44].
V. MASSES OF csc¯n¯ AND bsb¯n¯ STATES IN THE
COMPACT TETRAQUARK MODEL
Below, we provide results for the ground-state masses
and the spectrum of strange hidden-charm (csc¯n¯ and
cnc¯s¯) and bottom (bsb¯n¯ and bnb¯s¯) tetraquarks in the
compact tetraquark model of Refs. [40, 42, 44] and Sec.
IV.
The tetraquark masses are obtained by solving the
eigenvalue problem of Eq. (6) by means of a numer-
ical variational procedure, based on harmonic oscilla-
tor trial wave functions. This variational method was
previously applied to meson and baryon spectroscopy
[40, 42, 44, 72, 73].
A. Ground-state energies of csc¯n¯ and bsb¯n¯
tetraquarks
Our starting point is the calculation of the ground-
state masses of csc¯n¯ (cnc¯s¯) and bsb¯n¯ (bnb¯s¯) tetraquark
configurations.
In the first case, we obtain
Mgscsc¯n¯ =
{
3.85 GeV (sc-sc configuration)
3.66 GeV (av-av configuration)
, (10)
where the notations “sc” and “av” indicate scalar and
axial-vector diquarks, respectively. The previous values
have be compared with the experimental energy of the
DD¯s threshold, 3.84 GeV [61]. It is interesting to observe
that the av-av csc¯n¯ tetraquark ground-state is around
200MeV below the lowest energy hadro-charmonium ηc⊗
K state of Table IV, which lies at an energy of 3886 MeV.
In the second case, we get
Mgs
bsb¯n¯
=
{
10.41 GeV (sc-sc configuration)
10.23 GeV (av-av configuration)
, (11)
to be compared with the BB¯s threshold energy, 10.65
GeV [61]. Contrary to the csc¯n¯ case, the av-av
bsb¯n¯ tetraquark ground-state is above the lowest energy
hadro-bottomonium ηb ⊗K state of Table V, which lies
at an energy between 9.76 and 10.12 GeV depending on
the input value of the chromo-electric polarizability.
According to the previous results, strange hidden-
charm and bottom tetraquarks may be bound. However,
due to the largeness of the theoretical uncertainties on
the bsb¯n¯ and, especially, csc¯n¯ ground-state tetraquark
masses, it is difficult to draw a definitive conclusion.
B. Spectra of csc¯n¯ and bsb¯n¯ tetraquarks
After discussing the possible emergence of csc¯n¯ and
bsb¯n¯ tetraquarks and their ground-state energies, the
next step is to calculate the spectrum predicted by the
7Composition Quark content αψψ(nℓ) [GeV
−3] JPtot Mass (Binding) [MeV]
ηb(2S) ⊗K ns¯bb¯ (sn¯bb¯) 23 0
+ 10121 (−372)
Υ(2S)⊗K ns¯bb¯ (sn¯bb¯) 23 1+ 10145 (−372)
χb0(1P )⊗K ns¯bb¯ (sn¯bb¯) 14 0
− 10254 (−99)
χb1(1P )⊗K ns¯bb¯ (sn¯bb¯) 14 1
− 10288 (−99)
hb(1P )⊗K ns¯bb¯ (sn¯bb¯) 14 1
− 10294 (−99)
χb2(1P )⊗K ns¯bb¯ (sn¯bb¯) 14 2
− 10307 (−99)
ηb(2S) ⊗K ns¯bb¯ (sn¯bb¯) 33 0
+ 9755 (−738)
Υ(2S)⊗K ns¯bb¯ (sn¯bb¯) 33 1+ 9779 (−738)
χb0(1P )⊗K ns¯bb¯ (sn¯bb¯) 21 0
− 10049 (−305)
χb1(1P )⊗K ns¯bb¯ (sn¯bb¯) 21 1
− 10082 (−305)
hb(1P )⊗K ns¯bb¯ (sn¯bb¯) 21 1
− 10088 (−305)
χb2(1P )⊗K ns¯bb¯ (sn¯bb¯) 21 2
− 10101 (−305)
[ηb(2S) ⊗K]ℓhq=1 ns¯bb¯ (sn¯bb¯) 33 1
− 10425 (−68)
[Υ(2S)⊗K]
ℓhq=1
ns¯bb¯ (sn¯bb¯) 33 0−, 1− or 2− 10449 (−68)
ηb(2S) ⊗K
∗ ns¯bb¯ (sn¯bb¯) 23 1+ 10323 (−568)
Υ(2S)⊗K∗ ns¯bb¯ (sn¯bb¯) 23 0+, 1+, 2+ 10347 (−568)
χb0(1P )⊗K
∗ ns¯bb¯ (sn¯bb¯) 14 1− 10484 (−267)
χb1(1P )⊗K
∗ ns¯bb¯ (sn¯bb¯) 14 0−, 1−, 2− 10517 (−267)
hb(1P )⊗K
∗ ns¯bb¯ (sn¯bb¯) 14 0−, 1−, 2− 10524 (−267)
χb2(1P )⊗K
∗ ns¯bb¯ (sn¯bb¯) 14 1−, 2−, 3− 10536 (−267)
[ηb(2S) ⊗K
∗]
ℓhq=1
ns¯bb¯ (sn¯bb¯) 23 0−, 1−, 2− 10604 (−286)
[Υ(2S)⊗K∗]
ℓhq=1
ns¯bb¯ (sn¯bb¯) 23 0−, 1−, 2−, 3− 10629 (−286)
[χb0(1P )⊗K
∗]
ℓhq=1
ns¯bb¯ (sn¯bb¯) 14 0+, 1+, 2+ 10711 (−40)
[χb1(1P )⊗K
∗]
ℓhq=1
ns¯bb¯ (sn¯bb¯) 14 0+, 1+, 2+, 3+ 10745 (−40)
[hb(1P )⊗K
∗]
ℓhq=1
ns¯bb¯ (sn¯bb¯) 14 0+, 1+, 2+, 3+ 10751 (−40)
[χb2(1P )⊗K
∗]
ℓhq=1
ns¯bb¯ (sn¯bb¯) 14 0+, 1+, 2+, 3+, 4+ 10764 (−40)
ηb(2S) ⊗K
∗ ns¯bb¯ (sn¯bb¯) 33 1+ 9974 (−917); 10786 (−105)
Υ(2S)⊗K∗ ns¯bb¯ (sn¯bb¯) 33 0+, 1+, 2+ 9998 (−917); 10810 (−105)
χb0(1P )⊗K
∗ ns¯bb¯ (sn¯bb¯) 21 1− 10252 (−499)
[ηb(2S) ⊗K
∗]ℓhq=1 ns¯bb¯ (sn¯bb¯) 33 0
−, 1−, 2− 10284 (−607)
χb1(1P )⊗K
∗ ns¯bb¯ (sn¯bb¯) 21 0−, 1−, 2− 10285 (−499)
hb(1P )⊗K
∗ ns¯bb¯ (sn¯bb¯) 21 0−, 1−, 2− 10292 (−499)
χb2(1P )⊗K
∗ ns¯bb¯ (sn¯bb¯) 21 1−, 2−, 3− 10305 (−499)
[Υ(2S)⊗K∗]
ℓhq=1
ns¯bb¯ (sn¯bb¯) 33 0−, 1−, 2−, 3− 10308 (−607)
[χb0(1P )⊗K
∗]
ℓhq=1
ns¯bb¯ (sn¯bb¯) 21 0+, 1+, 2+ 10525 (−226)
[χb1(1P )⊗K
∗]
ℓhq=1
ns¯bb¯ (sn¯bb¯) 21 0+, 1+, 2+, 3+ 10558 (−226)
[hb(1P )⊗K
∗]
ℓhq=1
ns¯bb¯ (sn¯bb¯) 21 0+, 1+, 2+, 3+ 10565 (−226)
[χb2(1P )⊗K
∗]
ℓhq=1
ns¯bb¯ (sn¯bb¯) 21 0+, 1+, 2+, 3+, 4+ 10578 (−226)
TABLE V: As Table II, but for bottomonium-K and K∗(892) bound states.
Hamiltonian of Eq. (6) with the model parameters of
Table VI. In Tables VII and VIII we report the masses of
csc¯n¯ (cnc¯s¯) and bsb¯n¯ (bnb¯s¯) compact tetraquarks, where
n = u or d, up to the second radial excitations.
As discussed in Ref. [44], these type of predictions may
serve as benchmarks for other analyses with the goal of
identifying model-dependent artifacts and develop a per-
spective on those predictions which might only be weakly
sensitive to model details. Moreover, given the possibil-
ity that J = 0++ tetraquarks may be more difficult to
access experimentally than 1−− resonances, our predic-
tions for J 6= 0 states may be useful in the experimental
search for csc¯n¯ and bsb¯n¯ tetraquark states.
The calculation of the spectrum is only the first step of
8Parameter Value Parameter Value
α1 0.25 γ1 2.53 fm
−1
α2 0.15 γ2 8.01 fm
−1
α3 0.20 γ3 80.1 fm
−1
σ0 9.29 fm
−1 s 1.55
β 3.90 fm−2 ∆E −370 MeV
M sccn 1933 MeV M
av
cn 2250 MeV
M sccs 2229 MeV M
av
cs 2264 MeV
M scbn 5451 MeV M
av
bn 5465 MeV
M scbs 5572 MeV M
av
bs 5585 MeV
TABLE VI: Parameters of the Hamiltonian (6). Here n = u
or d and the superscripts “sc” and “av” indicate scalar and
axial-vector diquarks, respectively.
a wider analysis, with the aim of understanding the possi-
ble formation and stability of compact tetraquark states.
The following steps include the calculation of tetraquark
decay amplitudes, production cross-sections, and the
study of their production mechanisms. When compared
to the same observables calculated within other interpre-
tations for XY Z states (like the meson-meson molecular
model, the hadro-quarkonium model and the UQM) and
the experimental data, it will be possible to distinguish
among the different interpretations and possibly rule out
those which are not compatible with the experimental
resuls.
In conclusion, even though the experimental search for
strange hidden-charm and bottom tetraquarks may be
challenging, the observation of these systems may be ex-
tremely useful to understand the quark structure ofXY Z
exotic mesons.
VI. CONCLUSION
We calculated the spectrum of strange hidden-charm
and bottom tetraquarks both in the hadro-quarkonium
model of Refs. [46, 53, 54] and the compact tetraquark
model of Refs. [40, 42, 44]. We also computed that
of hidden-charm and bottom pentaquarks in the hadro-
quarkonium model. In particular, we discussed the
possible emergence of ηb,c(2S)-, ψ(2S)-, Υ(2S)-, and
χb,c(1P )-hyperon/kaon bound states and the possible
formation of csc¯n¯ and bsb¯n¯ tetraquarks as diquark-
antidiquark bound states.
Our results suggest that: I) strange hadro-quarkonium
systems may be strongly bound. On the other hand,
if the heavy quarkonium- (ψ) light hadron (H) binding
energies become too large, the hadro-quarkonium pic-
ture may break down. As a consequence, the ψ and
H components may overlap, and a compact four/five-
quark system could be realized rather than a ψ-H bound
state; II) both csc¯n¯ and bsb¯n¯ compact tetraquarks may
be bound, even though bsb¯n¯ configurations are more
likely to manifest; III) in the case of csc¯n¯ configura-
tions, the compact tetraquark ground-state is around 200
MeV below the lowest energy hadro-charmonium state,
ηc ⊗ K. On the contrary, in the bsb¯n¯ case the com-
pact tetraquark ground-state is above the lowest energy
hadro-bottomonium configuration, ηb ⊗K; IV) by com-
bining the conclusions discussed at points I) and II), we
suggest the experimentalists to look for strange tetra- and
pentaquark configurations with hidden-bottom. They
should be more stable than their hidden-charm counter-
parts due to kinetic energy suppression; thus, there is a
higher probability of observing them.
Finally, as pointed out in Ref. [12], the meson-meson
molecular model cannot be used to describe heavy-light
tetraquarks with non-null strangeness content. The rea-
son is that one-pion-exchange cannot take place between
strange and nonstrange heavy mesons, like B and Bs.
Hidden-charm and bottom mesons with strangeness are
also forbidden in the context of the Unquenched Quark
Model (UQM) formalism. Indeed, one cannot dress
heavy quarkonium QQ¯ states with Qs¯− nQ¯ or Qn¯− sQ¯
higher Fock components (where n = u or d) by creating
a light nn¯ or ss¯ pair with vacuum quantum numbers.
Tetraquarks with non-null strangeness content can only
take place either in the compact tetraquark or hadro-
quarkonium models. Therefore, a possible way to dis-
criminate between the compact tetraquark and hadro-
quarkonium models on one side and the molecular model
and UQM interpretations on the other is the experimen-
tal search for strange hidden-charm and bottom four-
quark states.
Our predictions for Pc and Pb pentaquarks with non-
null strangeness content may be soon be tested by LHCb.
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